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Langmuir probes have been i n  extensive use f o r  a number o f  

years i n  a v a r i e t y  o f  plasma studies. O f  p a r t i c u l a r  i n te res t  t o  the 

authors have been vehicle-ionospheric in teract ions.  I n te rp re ta t i on  

o f  results, i n  most p rac t i ca l  cases, has involved use o f  the M o t t -  

Smith Langmuir (MSL) equations' which were derived some time ago. 

The MSL der ivat ion avoided the e l e c t r o s t a t i c  problem by assuming a 

uniform shie ld ing distance ("Space Sheath") o f  a r b i t r a r y  dimension 

and then so lv ing the geometric problem, Use of these equations has 

usual ly  involved est imat ing sheath dimensions i n  some i n d i r e c t  manner 

and then s u b s t i t u t i n g  t h i s  in to  the MSL equations t o  obta in  ion and 

e lect ron concentrations, temperatures, etc.  This approach has ob- 

vious l imi ta t ions,  since the propert ies o f  the sheath are not f i x e d  

but are h igh l y  variable, i,e. a t  zero probe po ten t i a l  the sheath 

must vanish. 

Walker2 has treated, wi th some sophist icat ion, the case o f  a 

spherical body i n  both monoenergetic and Maxwellian plasmas. The 

conservation of energy and angular momentum re la t i ons  are used t o  

ob ta in  an equation for  the ion and e lect ron dens t i e s  i n  terms o f  

the loca l  e l e c t r i c  f i e l d .  These equations used n conjunction w i t h  

the Poisson equation are solved numerical ly. I n  add i t i on  t o  the 

e l e c t r i c  f i e l d  and the p a r t i c l e  densi ty d is t r ibut ions,  Walker obtains 

the voltage-current probe cha rac te r i s t i c  curves. 

are, however, lengthy so that  r e s u l t s  must be displayed g raph ica l l y  

o r  expressed by an approximate a n a l y t i c  expression. i t  i s  appealing 

t o  attempt t o  ex t rac t  from these numerical ly ca lcu lated curves a 

re la t i onsh ip  f o r  the sheath which can be appl ied t o  the conventional 

MSL equa t ions. 

The ca lcu lat ions 
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The MSL equation f o r  a spherical body, in  a Maxwell ian plasma, 

and w i t h  an a t t r a c t i v e  potent ia l  on the probe, may be w r i t t e n  as 

(Ref. 1, pg. 740): 

-*/XI B -  X ( 1  - e  7- 

where: @ = 7 - 
i 

4 =  no eh2 /& 
T = ion temp (OK)  

m = ion mass 

k = Bo1 tzmann constant 

e = e lec t ron i c  charge 

no = ambient charge density 

i = current  to  the probe 

/& h = Debye length = 

r P I -  
h 

r = probe radius 

x = (; + 1 ) 2  - 1 

s = sheath thickness i n  

Debye lengths 

Expanding the exponential term and then a l lowing the sheath t o  become 

very large y ie lds  a l i m i t  o f  f3 f o r  very large sheaths given by 

@x -+a = I f  

Langmui r probe behavior i s  convent ional ly d iv ided i n t o  two 

regimes, characterized by the r e l a t i v e  dimensions o f  the radius and 

sheath. I f  the sheath i s  very large compared t o  the radius, i.e. in  
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the region where Eq. (2) i s  applicable, the system i s  sa d t o  be o r b i t  

1 imi ted and the MSL equation i s  independent o f  S .  Thus, i f  p << s the 

resu l t s  obtained are independent of any other  assumption concerning 

the sheath, and the given equations are accurate i n  t h e i r  present 

form. A t  the other  extreme the sheath i s  o f  the order of the radius 

o r  smaller, i n  which case, the probe i s  sa id  to be operat ing sheath 

1 imited. Unfortunately, t h i s  i s  the s i t u a t i o n  which ex i s t s  in most 

physical experiments. 

Figure 1 i s  a p l o t  of Walker's voltage-current c h a r a c t e r i s t i c  

curves and as may be seen, they are q u i t e  systematic. 

r a t i o s  between curves a t  d i f f e ren t  values o f  $ and apply ing a f i x e d  

By tak ing 

correct ion term, one can obtain a funct ion representing a l l  po ints  

w i t h  p > 1, t o  an excel lent  approximation (see Fig. (2 ) ) .  The 

slope o f  t h i s  l i n e  i s  in  the v i c i n i t y  o f  0.75, suggesting an exponent 

o f  $ near tha t  value. However, we have an a l t e r n a t i v e  means o f  

est imat ing t h i s  exponent. 

The f a c t  t ha t  the sheath must vanish a t  zero potent ia l ,  places 

a r e s t r i c t i o n  on the functional r e l a t i o n  between s and \Ir. We can 

apply one other c r i t e r i o n .  We expect t ha t  s would monotonical ly i n -  

crease w i t h  \Ir and tha t  a t  s u f f i c i e n t l y  h igh po ten t i a l s  the sheath 

dimensions w i l l  become large compared t o  the radius and o r b i t  l i m i t e d  

behavior w i  1 1 ho ld  forth, therefore, 

as s becomes very large X approaches the value 

2 
x = (5) 5>> 1 

P P 

If $ -+ as q 4 t ha t  i s  i f : 
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Then Eq. ( 1) reduces t o  

Subs t 

It w i  

t u t i n g  Eq. (4) 

s2 a s  

1 be noted tha t  

n t o  (6) and equating t o  (3) we obta in  

( 7 )  

(6) i s  not s a t i s f i e d  under these condi t ions 

but f o r  t h i s  p a r t i c u l a r  so lu t ion the resu l t s  are unaffected. We 

mere1 y rep1 ace ( 5) w i t h  need 

resu 

obta 

Fig. 

B =  Ax where: A = f ( p )  ( 8)  

I n  order t o  obta in  the p dependence we make use o f  the Walker 

ts .  A f te r  some f f t t i n g ,  the fo l l ow ing  empir ical r e l a t i o n  was 

ned . 
s = 0.858 p' ( 9) 

(3) i s  a p l o t  using t h i s  re la t i on .  Figure (4) i s  an e r r o r  p l o t  

showing the deviat ion using the HSL equation w i t h  ( 9 )  vs. Walker's 

cal cul a t  ions. 

While the general agreement i s  ra ther  good, considering our 

present state, i t  i s  apparent t h a t  a systematic e r r o r  w i t h  Jr e x i s t s  

and we can, obviously, do better.  The fo l l ow ing  func t i on  was found 

t o  g ive a somiwhat b e t t e r  f i t  t o  the ava i l ab le  data. 

(101 
s = 0.67** p'+ 0 . 3 ~  e -0.01/* 

The e r r o r  p l o t  f o r  t h i s  funct ion i s  ava i lab le i n  Fig. ( 5 ) .  

These general resu l t s  may a l so  be obtained by an approximation 

technique which consists of a ca l cu la t i on  of the charge on a bod). 

then equate t h i s  t o  the charge enclosed by i t s  associated sheath o f  

We 



thickness s. This r e l a t i o n  may then be solved f o r  s. 

In the region where the HSL equation depends s i g n i f i c a n t l y  

on the sheath thickness, s, the charge densi ty i n  the sheath' i s  

approximately inversely proport ional t o  the loca l  v e l o c i t y  o f  ions 

and electrons* 

n - no u/v where: u = v e l o c i t y  outside sheath 

v - local  v e l o c i t y  ( 1 1 )  

By conservation o f  energy considerations, 

and subs t i t u te  Eq. (12) i n t o  Eq. (11) we obta in  f o r  the densi ty 

w i th ing  the sheath 

n = no 1- 
where f = e (Vl/kT and where we  express mu2/2 in  terms o f  the thermal 

energy o f  the ambient plasma 5 mu2 = 2 kT. 1 

Let us now ca lcu la te  the charge on the body in terms o f  $. 

Using f o r  the capacitance the expression f o r  t w o  concentr ic spheres, 

Cs = hp ( p  + s ) / s  (14) 

The charge on the body w i l l  be 

where e i s  the charge on the ion. The t o t a l  charge i n  the sheath 

\ '  i s ,  

= 4w eh3 [ (p + s ) ~  - p'] no ( 1  f $)- (16) 
01 3 5 ne V 

*Equation ( 1 1 )  i s  an approximation which does not ho ld  f o r  small 

values o f  p. 
I t  

A de ta i l ed  consideration o f  t h i s  i s  given by E. J. Opik.= 
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Equating P and Qs' we obtain 

I f  we assume the sheath t o  be t h i c k  compared w i t h  the radius 

o f  the body, s >> p, then Eq. ( 17) becomes 

For large values o f  IJ Eq. (18) gives fo r  s, 
S 

6 6  3 s = 6  P .drs 

If p >> s, Eq. ( 17) becomes 

and f o r  large values of \I's Eq. (20) becomes 

Except f o r  the  coeff ic ients,  Eqs. (9) and (19) are the same. 

These equations show tha t  t h e  sheath may be q u i t e  large compared w i t h  

estimates o f  the sheath thickness using the Debye length as the scal-  

ing length. 

Since the above analysis gave us the correct  funct ional  

relat ionships, i t  i s  of some in te res t  t o  extend the analysis t o  

cy1 i n d r i c a l  geometry where the more r igorous ca lcu lat ions are not  

avai lab le.  The charge on a u n i t  length o f  a cy l i nde r  is: 

kT '# 
Qc = 2e ~n (I'+ s/p) 

The charge i n  the sheath i s  
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Equating the t w o  we obtain, 

2 
3 s  

( s 2  + 2ps) I n ( ]  + = ws J1 + - q 

I f  p >> s Eq. (24) becomes 

s - J1+20 3 s  ) *  

and f o r  large values o f  $s, 

s = 1.66 qs 3 

Solving Eq. (24) f o r  s where s >> p, we obta in  

For l a rge  values of  q t h i s  reduces t o  
S 

Equations (26) and (28) are qu i te  s i m i l a r  s ince the dependence o f  

s on ( I n  s/p)' i s  small. 

Concl us ions 

An ana ly t i ca l  r e l a t i o n  f o r  the sheath about a spherical 

P ++\ 2 P 4 6 ' 7  

Langmuir probe has been empir ica l ly  derived from calcu lated data 

which reproduces t h i s  data w i th in  a mean e r r o r  o f  b e t t e r  than 10 

per cent. A semi-quanti tat ive analys is  v e r i f i e s  the funct ional  

dependence o f  t h i s  r e l a t i o n  and a s i m i l a r  analysis develops the 

corresponding re la t i onsh ip  for c y l i n d r i c a l  geometry. In the 

absence o f  sophist icated calculat ions i n  the c y l i n d r i c a l  case a 

de ta i l ed  evaluat ion o f  coe f f i c i en ts  i s  not  possible. The re la t i ons  

herein derived, even i n  t h e i r  present r e l a t i v e l y  crude form, should 

considerably a i d  i n  analysis of experimental Langmuir probe results; 
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